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Abstract 

In this paper, we get the Kastler-Kalau-Walze theorem associated to Dirac operators with torsion on compact 
manifolds with boundary. We give two kinds of operator-theoretic explanations of the gravitational action 
in the case of 4-dimensional compact manifolds with flat boundary. Furthermore, we get the Kastler-Kalau- 
Walze type theorem for four dimensional complex manifolds associated with nonminimal operators. 
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1. Introduction 

The Dirac operators evolved into an important tool of modern mathematics, occurring for example in 
index theory, gauge theory, geometric quantization, etc. Recently, Dirac operators have assumed a significant 
place in Connes' noncommutative geometry in [l[ as the main ingredient in the definition of a K-cycle. Thus 
disguised, Dirac operators re-enter modern physics, since non-commutative geometry can be used, e.g. to 
derive the action of the Standard Model of elementary particles, as shown in 0, The noncommutative 
residue found in Q and [j| plays a prominent role in noncommutative geometry. 

In [![, Connes used the noncommutative residue to derive a conformal 4-dimensional Polyakov action 
analogy. Further, Connes made a challenging observation that the noncommutative residue of the square 
of the inverse of the Dirac opertor was proportion to the Einstein-Hilbert action in [(| , which we call the 
Kastler-Kalau-Walze theorem. In Q, kastelr gave a brute-force proof of this theorem. In Kalau and 
Walze proved this theorem in the normal coordinates system simultaneously. And then, Ackermann gave a 
note on a new proof of this theorem by means of the heat kernel expansion in Q. For 3, 4-dimensional spin 
manifolds with boundary, Wang proved a Kastler-Kalau-Walze type theorem for the Dirac operator and the 
signature operator in In [ll|, Wang computed the lower dimensional volume Vol*- 2,2 - 1 for 5-dimensional 
and 6-dimensional spin manifolds with boundary and also got the Kastler-Kalau-Walze type theorem in this 
case. We proved the Kastler-Kalau-Walze type theorems for foliations with or without boundary associated 
with sub-Dirac operators for foliations in [l2| ■ In [l3| , Ackermann and Tolksdorf proved a generalized version 
of the well-known Lichnerowicz formula for the square of the most general Dirac operator with torsion Dt 
on an even-dimensional spin manifold associated to a metric connection with torsion. Recently, Pfafflc 
and Stephan considered compact Riemannian spin manifolds without boundary equipped with orthogonal 
connections, and investigated the induced Dirac operators in In [l5|, Pfoffle and Stephan considered 
orthogonal connections with arbitrary torsion on compact Riemannian manifolds, and for the induced Dirac 
operators, twisted Dirac operators and Dirac operators of Chamseddine-Connes type they computed the 
spectral action. 
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The purpose of this paper is to generalized the results in [lOj], [14[ and get a Kastler-Kalau-Walze type 
theorems associated with Dirac operators with torsion on compact manifolds with boundary. We derive 
the gravitational action on boundary by the noncommutative residue associated with Dirac operators with 
torsion. For lower dimensional compact Riemannian manifolds with boundary and complex manifolds with 
boundary, we compute the lower dimensional volume Wres[7r + (Z?^)~ Pl o tt + D^, P2 }, and we get the Kastler- 
Kalau-Walze theorem for lower dimensional manifolds with boundary. On the other hand, a special case 
of Dirac operators with torsion is the Dolbcault operator for complex manifolds. In [16j . we considered 
the nonminimal operators as generalization of Dc-Rham Hodge operators and got the Kastler-Kalau-Walze 
type theorems for nonminimal operators. In this paper, we consider the complex analogy of nonminimal 
operators and prove a Kastler-Kalau-Walze type theorems for complex nonminimal operators. 

This paper is organized as follows: In Section 2, we define lower dimensional volumes of spin manifolds 
with torsion. In Section 3, for 4-dimensional spin manifolds with boundary and the associated Dirac opera- 
tors with torsion DJ, Dt, we compute the lower dimensional volume Vol^ 1 ' 1 ^ and get a Kastler-Kalau-Walze 
type theorem in this case. In Section 4, two kinds of operator theoretic explanations of the gravitational 
action for boundary in the case of 4-dimensional manifolds with boundary will be given. In Section 5 and 
Section 6, we get the Kastler-Kalau-Walze type theorem for 6-dimensional spin manifolds with boundary 
associated to , D\ with torsion and 4-dimensional spin manifolds with boundary for the operator 

P + D^Dt- In Section 7, we investigate 4-dimensional complex manifolds without boundary associated with 
complex nonminimal operators. 



2. Lower-Dimensional Volumes of Spin Manifolds with Torsion 

In this section we consider an n-dimensional oriented Riemannian manifold (M,g M ) equipped with some 
spin structure. The Levi-Civita connection V : T(TM) —> T(T*M £g) TM) on M induces a connection 
V s : T(S) -t T(T*M ® S). By adding a additional torsion term t € fl 1 (M, EndTM) we obtain a new 
covariant derivative 

V:=V + < (2.1) 

on the tangent bundle TM. Since t is really a one-form on M with values in the bundle of skew endomor- 
phism Sk(TM) in 17J, V is in fact compatible with the Riemannian metric g and therefore also induces a 
connection V s := V s + T on the spinor bundle. Here T £ fi 1 (M, EndS) denotes the 'lifted' torsion term 
t € CI 1 (M, EndTM). 

Next, we will briefly discuss the construction of this connection. Again, we write Vx^ = VxY+A(X, Y) 
with the Levi-Civita connection V. For any X G T p M the endomorphism A(X, •) is skew-adjoint and hence 
it is an element of so(T p M), we can express it as 

A(X, •) = oiijEi A Ej. (2.2) 

i<j 

Here Ei A Ej is meant as the endomorphism of T p M defined by Ei A Ej. For any X £ T p M one determines 
the coefficients in (2.2) by 

otij = (A(X,Ei),Ej) = AxEkEr (2-3) 
Each Ei A Ej lifts to \Ei ■ Ej in spin(n), and the spinor connection induced by V is locally given by 

V x V = VxV- + \ ocijEi ■ Ejip = VxV> + \Y. A XEiEj E, ■ Ejip. (2.4) 

i<j i<j 

The connection given by (2.4) is compatible with the metric on spinors and with Clifford multiplication. 
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Then, the Dirac operator associated to the spinor connection from (2.4) is defined as 



n 1 n 

D T 4, = ^2E i V Ei ^ = D^ + -^2J2A EiBjBk E i -E r E k ^ 

i—1 i—1 j<k 

1 " 

= ^+4 E A Ei E jEk Ei ■ Ej ■ E k ip (2.5) 

i,j,k=l 

where D is the Dirac operator induced by the Levi-Civita connection and " • " is the Clifford multiplication. 
As Clifford multiplication by any 3-form is self-adjoint we have 

3 TL — 1 3 11/ — 1 

D T ip = D^ + -T-^ — V"ip, D T ip = Dtp + -T ■ ip H — V ■ ip. (2.6) 

Using the fact that the Clifford multiplication by the vector field V is skew-adjoint, the hermitian product 
on the spinor bundle one observes that Dt is symmetric with respect to the natural L 2 -scalar product on 
spinors if and only if the vectorial component of the torsion vanishes, V = 0. Note that the Cartan type 
torsion S does not contribute to the Dirac operator Dt- As D t Dt is a generalized Laplacian, one has the 
following Lichnerowicz formula. 

Theorem 2.1. \lA l For the Dirac operator Dt associated to the orthogonal connection V, we have 

D* T D T ip = AiP + ^R 9 ip+^dT-iP-j || T\\ 2 ^ 

+ + (^-) 2 (2 - n)\V\*1> 

+3(n-l)(T-y-V + (VjT)-V), (2.7) 
for any spinor field ip, where A is the Laplacian associated to the connection 

VxV = VxV' + ~(X i T)-i/j- —V ■ X ■ ip — — (V, X)4>. (2.8) 

To define lower dimensional volume VoV^ ,P2 M := Wres[TT + (D^)~ Pl o ■k + D^ t p ' 2 ], some basic facts and 
formulae about Boutet de Monvel's calculus can be find in Sec. 2 in [18] . Let M be an n-dimensional compact 
oriented manifold with boundary dM . We assume that the metric g M on M has the following form near 
the boundary 

* M = *s/" + < < 2 - 9 > 

where g dM is the metric on dM. Let U C M be a collar neighborhood of dM which is diffeomorphic 
dM x [0, 1). By the definition of C°°([0, 1)) and h > 0, there exists h G C°°((-£, 1)) such that h\[ ,i) = h 
and h > for some sufficiently small e > 0. Then there exists a metric g on M = M IJom ®M x (—£,0] 
which has the form on U {Jg M dM x (—£, 0] 

g = J—g dM + dxl (2.10) 

h(x n ) 

such that <?|m = 3- We fix a metric <? on the M such that c/\m — .9- Note is the most general Dirac 
operator on the spinor bundle S corresponding to a metric connection V on TM . Let pi,p2 be nonnegative 
integers and p\ + P2 < n. From Sec 2.1 of [l(|, we have 

Definition 2.2. Lower- dimensional volumes of spin manifolds with boundary with torsion are defined by 

Voli Pl ' P2} M := Wr7s[ir + (D T )- pi o tt + D~ P2 }. (2.11) 
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Denote by 07(A) the Z-order symbol of an operator A. An application of (2.1.4) in [l8[ shows that 
Wr7s[n + (D T ) Pl on+D T 2 } = [ [ trace s(TM) [er_„((Z4)- pi o D T P2 )}o-(£)dx + [ $, (2.12) 



where 

r+co 00 (_j\\a\+j+k+ 



$ = 



Jw\=iJ-oo ^0 al (j + k + iy. 



x^ B ^+ 1 ^ B ai(I>r Pa )(x',0,f , ^ n )]^(Oda/, (2.13) 
and the sum is taken over r — fc + |a| + ^ — j — 1 = — n, r < —p\ , ^ < — p2- 

3. The Kastler-Kalau-Walze theorem for 4-dimensional spin manifolds with boundary about 
Dirac Operators with torsion D^,, Dt 

In this section, we compute the lower dimensional volume for 4-dimension compact manifolds with 
boundary and get a Kastler-Kalau-Walze type formula in this case. 

From now on we always assume that M carries a spin structure so that the spinor bundle is defined and 
so are Dirac operator, twisted or generalised Dirac operators on M. Connes spectral action principle in [(| 
states that one can extract any action functional of interest in physics from the spectral data of a Dirac 
operator. 

In the following we consider various Dirac operators Dt induced by orthogonal connections with general 
torsion as in (2.4). We will consider DyDT(since Dt is not sclfadjoint in general) and the corresponding 
Seeley-deWitt coefficients. The Chamseddine- Connes spectral action of D t Dt is determined if one knows the 
second and the fourth Seeley-deWitt coefficient. Since [a^ n ((D T )~ Pl o D^, P2 )]\m has the same expression as 
[<j- n {{D T )~ Pl qD^ P2 )]\m in the case of manifolds without boundary, so locally we can use the computations 



r p ioD- p2 )-_ 

mi 3.1 in m 



Proposition 3.1 in [15] to compute the first term. 

Theorem 3.1. \1 a] Let M be a 4-dimensional compact manifold without boundary and V be an orthogo- 
nal connection with torsion. Then we get the volumes associated to D t Dt on compact manifolds without 
boundary 
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Wres{{D T D T )- 1 ) = J R ( x ) dx ' t 3 - 1 ) 

where R = R+ l8div(V) - M\V\ 2 - 9 || T || 2 and J M div{V)dVol M = - J 9m g(n, V)dVol dM . 

Theorem 3.2. fig ] Let M be a 6-dimensional compact manifold and V be an orthogonal connection with 
torsion. Then we get the volume associated to D t Dt on compact manifolds without boundary 

Wres((D T DTr) = ±X(M) - ^ £ || C° f dx - JL £ ( || ST f + || d{V) f )dx> (3 . 2 ) 

where C 9 denote the Weyl curvature of the Levi-Civita connection and X(M) denote the Euler characteristic 
ofM. 

So we only need to compute J SM $. Let n — 4, our computation extends to general n. Let 

F : L 2 (R t ) -> L 2 {R V ); F(u)(v) = J e~ lvt u{t)dt 

denote the Fourier transformation and $(R+) = r + $(R) (similarly define $(R~)), where ^(R) denotes the 
Schwartz space and 



C°°(R) -> C°°(R+); / -> /|R+; R+ = {x > 0;x G R}. (3.3) 
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We define H + = i 7 '($(R+)); Hq — -F(<f>(R - )) which are orthogonal to each other. We have the following 
property: h G H + (Hq) iff h € C°°(R) which has an analytic extension to the lower (upper) complex 
half-plane {Im£ < 0} ({Im£ > 0}) such that for all nonnegative integer I, 

as |£| -> +oo,Im£ < (Im£ > 0). 

Let H' be the space of all polynomials and H~ = Hq ®H'\ H = H + Q) H~ . Denote by ir + (tt~) 
respectively the projection on H + (H~). For calculations, we take H = H = {rational functions having no 
poles on the real axis} (H is a dense set in the topology of H). Then on H, 

^ + M?o) = ^ lim / *® de, (3.5) 

where T + is a Jordan close curve included Im£ > surrounding all the singularities of h in the upper 
half-plane and £o € R. Similarly, define n on H, 



(3.6) 



So, tt'(F-) = 0. For h £ Hf]L 1 (R), ir'h = J R h(v)dv and for h € H+fl^OR), tt'/j = 0. Denote by B 
Boutet de Monvel's algebra (for details, see [3] p. 735), now we recall the main theorem in p. 29. 

Theorem 3.3. (Fedosov-Golse-Leichtnam-Schrohe) Let X and dX be connected, dimX = n > 3, 

j, g J € B , and denote by p, b and s the local symbols of P, G and S respectively. Define: 

Wras(A) = / / trj3\p-n(x,$](r(€)dx 



A = 



x Js 



+2tt / / {tr E [(tr6_ n )(a/, £')] + tv F [ Sl _ n (z', £')]} (3-7) 

TTiera a) Wres([A, B]) — 0, for any A, B £ B; b) It is a unique continuous trace on B/B~°° . 

Recall the definition of the Dirac operator D in [20j . Denote by cr; (A) the /-order symbol of an operator 
A. In the local coordinates {xf, 1 < i < n} and the fixed orthonormal frame {ei, • • • , e^}, the connection 
matrix (oJ g> t) is defined by 

V(ei, • • • ,e^) = (ei, - ■ ■ ,e£)(u> a ,t)- (3-8) 

The Dirac operator 

" 1 

-D = y^c(g^)[e^ - - w s , t (e J )c(e s )c(e t )], (3.9) 

i— 1 s,t 

where c(eTj) denotes the Clifford action. Then 

n i i 

D T = y^c(e t -)[e» - - y^^u Si t(ei)c(e s )c(et)] + - A; st c(ei)c(e s )c(e t ) 

i=l s,t i^s^t 

+ ^ y^[-A»- t c(e^) + A isi c(eQ - A lss c(fTi) + 2A« i c(eJ)], (3.10) 

- i i 

£>t = X! c ^ e ^[ ei ~ 4 5I 6L 's,*( e i) c ( e *) c ( e «)] + j X! ^istc(ei)c(e s )c(e t ) 

i=l s,t i^s^t 

--. y^\-Autc(et) + A isi c(e s ) - A lss c(e~i) + 2A ili c(e l )}, (3-11) 
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and 



o-i (Br) 
a {D T ) 



a x {D* T ) = >/=Tc(0; 

-->]^»,«(ei)c(e;)c(ei) + - A ist c(e i )c(e;)c(e i ) 



-4 y^[-Aji t c(et) + A isi c(e s ) - A tss c(ei) + 2A iU c(ei)} 

i,s,t 

-j ^2[-A iit c(el) + A isi c(e s ) - A lss c(ei) + 2A iti c(ei)} 



(3.12) 



(3.13) 



(3.14) 



Hence by Lemma 2.1 in (lp| . we have 

Lemma 3.4. TTie symbol of the Dirac operator 

a-iiD- 1 ) = c_i((D T ) _1 ) = - 

( T_ 2 (B T 1 ) = 



-lc(0. 



ICI 2 ' 

— ^W) ^( c u))kl -c(0^ 3 (K| ) 



l£l 4 



l£l £ 



0"-2(Pt) 



c(0a (D* T )c(0 , c(0 



£ c(^) (c(o)iei 2 - <od X] 



(3.15) 
(3.16) 

(3.17) 



Since $ is a global form on dM, so for any fixed point xo G 9M, we can choose the normal coordinates U 
of xq in <9M(not in M) and compute $(xo) in the coordinates U = U x [0, 1) and the metric h ^ ^ g dM + dz 2 I . 

The dual metric of / M on £/ is £zjrrS aM + dx^. Write gf/ = c/ M (gf-, gf-); S M = g M {dx u dx j ), then 



[.9. 



Ml 



1 [ n 3M| n 



M J 



^(^n)[ffaif] 



(3.18) 



and 



d XB g?™(x ) = 0, l<i,j<n-l; g%{x Q )=5 ij . (3.19) 

Let {ei, • • • ,e„_i} be an orthonormal frame field in U about g 9M which is parallel along geodesies and 
e, = j^-(xo), then {e\ = y/h(x n )ei, • • • , e^Xi = \Jh{x n )e n -i, = da; n } is the orthonormal frame field in f7 
about 3 M . Locally S(TM)|j/ = (7x A£(§ ). Let {/i, ■ ■ ■ ,/„} be the orthonormal basis of A£(§). Take a spin 
frame field a : U — » Spin(M) such that 7rtr = {el, • • • , e^} where 7r : Spin(M) — > O(M) is a double covering, 
then {[cr, /j], 1 < i < 4} is an orthonormal frame of S(TM)\jj. In the following, since the global form $ is 
independent of the choice of the local frame, so we can compute tr s(tm) in the frame {[cr, /j], 1 < i < 4}. 
Let • • • , be the canonical basis of R n and c(Ei) € clc{n) = ffom(A^(§), A^(§)) be the Clifford 



(3.20) 



action. By [20(, then 

c(e i ) = [(cr,c(^))]i c(ei)[((r,/ i )] = [o-,(c(S i ))/ i ]; — = [(a,—)], 
then we have ^-c(ei) = in the above frame. By Lemma 2.2 in [lOj . we have 
Lemma 3.5. FFif/i i/ie metric h ^ x ^ g dM + dx\ on M near the boundary 



acj(l£ljM)(so)=0, */ j<n; = /i'(0)|^8m, »/ J = n. 
dXj{c{£)){x Q ) = 0, i/ j < ra ; = <9x„(c(£'))(:co), i/ j = n. 



(3.21) 



where £ = £' + dx n 



Then an application of Lemma 2.3 in [10( shows 
Lemma 3.6. 



ai(D T ) = ai(D^) = V=Tc(0; (3.22) 
o-q(-Dt) = --h'(0)c(dx n ) + - ^ A ist c{ei)c(e s )c{e t ) 
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+ ^ y^^-Aiitcjet) + A isi c(e s ) - A lss c{e t ) + 2A ui c(el)], (3.23) 
<t {Dt) = -~ti(0)c(dx n ) + - ^2 A ist c(ei)c(e s )c(et) 

^2[-A ilt c(e t ) + A isi c(e s ) - A lss c(ii) + 2A i uc(ei)]. (3.24) 



4 

i,s,t 



Now we can compute $ (see formula (2.13) for definition of $), since the sum is taken over — r — £ + k + 
j + \a\ = 3, r, £ < — 1, then we have the following five cases: 
Case a(I): r = -1, £ = -1, fc = j = 0, |a| = 1 
From (2.13), we have 

Case &(!) = - / tiace[d?,n+ a^ 1 ((D^)~ 1 )d^d 6n a^ 1 (D^ T 1 )}(x )d^ n a(C)<ix' . (3.25) 



le'l 

By Lemma 3.5, for j < n 



\a\=l 



9 iCi t7-_i(D T )(x ) = 3*, I — — J (x ) = j^Tj = 0, (3.26) 

so Case a(I) vanishes. 

Case a(II): r = -1, £ = -1, fc = |a| = 0, j = 1 
From (2.13), we have 



Case a(II) = -i / / trace^ tt+ ^^(Dy)^ 1 )^? cr_i(L> T 1 )](a;o)dC„cr(C')dx'. (3.27) 
2J\i>\=iJ-oo 



r+oo 

'l£'l= 

Similarly to (2.2.18) in [l(j, we have 



M>-.CW>-*><"*m - MM + ^(o,!^ + (3.28) 

+ (3.29) 

By the relation of the Clifford action and trAB = trBA, then 

tr[c(C)c(dx n )] = 0; tr[c(d.T„) 2 ] = -4; tr[c(£') 2 ](a:o)||r|=i = -4; 
tr[9 x „[c(r)]c(dx„)] = 0; tr[0 x „c(O x c(0](»o)||£M=i = -2fc'(0). (3.30) 

For more trace expansions, we can see [2l|. Hence we conclude that 

trace^7r+ a_ 1 ((^)- 1 )^,5 ? „a_ 1 ( J D T 1 )]( a ;o) = 77 jSl^ . (3-31) 
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Therefore 



Case a(II) = --7rh'(0)Q 3 dx' , 



(3.32) 



where is the canonical volume of S 3 . 

Case a(III): r = -1, £ = -1, j = \a\ = 0, k = 1 
From (2.13), we have 



1 f f +oa 

Case a(III) = -- / / trace[<9 ? „7r+ a- 1 ((D^)- 1 )d^d Xn a- 1 {D^ 1 )](x )d^ n a{^)dx' . (3.33) 



'l£'l= 

Similarly to (2.2.27) in [ljjj], we have 
and 

Combining (3.34) and (3.35), we obtain 



c(g') + ic(dx n ) 
c(dx n ) c(C) + Cnc(dx„)i 2v /r T^„9 a; „c(^')(a;o) 



•4& 



lei 4 



trace 7r^ i ( 7J T 1 ) n ct_ i ( Z? T 1 ) ] (x ) 



2fe'(0)(i-2g n -iff) 

(£„-0 4 (£n + *) 3 ' 



Then 



Case a(III) = -nh' (0)Q 3 dx' , 



(3.34) 
(3.35) 

(3.36) 
(3.37) 



where il 3 is the canonical volume of S 3 . Thus the sum of Case a(II) and Case a(III) is zero. 
Case b: r = -2, £ = -1, k = j = \a\ = 
By (2.13), we get 



Case b = — i 



/ trace[7r+ a_ 2 ((D* T )~ V^-i^^Md^Odx'. 

,$'1 = 17-00 



(3.38) 



Then an application of Lemma 3.4 and Lemma 3.5 shows 



ICI 4 

cCOaop*)^)^) , da 



-! +^c(dx n )[dx n (c(£'))(x ) -c(£)ti(0)\£'\ 2 gSM \. (3.39) 



Hence in this case, 
where 



Ai 



fc'(0) 



l£l 4 

tt+ct^OD*)- 1 )^) -Ax+Aa, 



c(cte n ) c(da; n ) - ic(£') 3£„ - 7z , 

L*c(£ ) - c(dx„)J 



(3.40) 



4»Un-») 8(^„-z) 2 8(^-z) 31 

(2 + ^«)c(C')aoc(e') + if„c(da:„)aoc(daJn) + (2 + t£n)c(£')c(<fci>)0*»c(O 



4(£» ~ *) 2 

+ ic(dx n )a c(C) + ic(£')a c(dx n ) - id Xn c(£') 



A 2 = 



-1 



4(6. - *) 2 

+ic(£')/3oc(cfcc 



(2 + t&,)c(£')A>c(0 + iUc{dx n )f3 c{dx n ) + ic{dx n )p c{£,') 



(3.41) 



(3.42) 



and 



a = -h'(0)c(dx n ), (3.43) 
A) = t ^stc(e i )c(ei)c(e't) - - ^ [ - A iit c(e t ) + Ai si c(e s ) - A iss c(ei) + 2^0(5) . (3.44) 

iy^s^t i,s,t 



On the other hand 

-2^nc(g') j(l - ^)c(d x n ) 
From (2.2.39), (2.2.41) and (2.2.42) in 0, we have 



C € „£T_i(£> T ) - + • (3.45) 



f f + 9 
-i / / traced x % i cr_i(Dy 1 )](xo)d^ n cr(^)da;' = -nti (0)fl 3 dx' . (3.46) 

By the relation of the Clifford action and trAB — trBA, then we have the equalities 

tr[c(ei)c(dx„)] = 0,i < n; tr[c(ei)c(dx„)] = — 4, i = n. (3.47) 
Combining (3.42), (3.45) and (3.47), we obtain 

trace[A 2 x %<r_ 1 ( J D- 1 )](x ) = 2 - ^ _ , (3.48) 

where 

c = -2^A iin . (3.49) 

i 

Hence from (3.42) and (3.45), we have 

p p+ca 

i / / trace[A 2 x d iri a^ 1 (D T 1 )}{x )d^ n a(^')dx' 

J\('\ = l J-oo 

= jTTc n 3 dx'. (3.50) 



-i 



Combining (3.46) and (3.50), we have 

case b = 



l h '(°) A »A **W. (3.51) 



Case c: r = -1, I = -2, k = j = \a\ = 
From (2.13), we have 



case c — — i 



p p+oo 

/ / trace[7r+CT_ 1 ((^)- 1 )^„a_ 2 ( J Dy 1 )](x )de„a(e , )d^- (3.52) 

J|{'| = lJ-oo 



Then an application of Lemma 3.4 shows 



4 n a^((D T ) )= 2(6> _ ■ (3-53) 
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By Lemma 3.5 and Lemma 3.6, we have 
a_ 2 ((^ T )" 1 )K) 



— ^c^xj) ^ 3 (c(C))Kl -c(Oo Xj (K| ) (a*) 



l£l 4 



Hence in this case, 



ICI 4 ICI 6 

^„ C 7_ 2 ( J Dy 1 )(a;o) :=B 1 + B 2 , 



c(dx n ) dx n (c(0)(xo) - c(OK n (0)\Z'\ 2 gaM \ .(3.54) 

(3.55) 



where 



Si 



+ (1 - 3£)c(£>oc(da;„) - 4 £ nC (£> c(£') + (3£ - l)d Xn c(?) - ^ n c^')c(dx n )d Xn c^') 



(2£„ - 2&)c{dx n )a c{dx n ) + (1 - 3f n )c(dx n )a c^') 



Bo = 



+2h'(0)c(O + 2h'm n c{dx n )] + 6^^(0) ^H^M^ ; 

(2£ n - 2£ 3 Jc(<fo;„)/3 1 c( C to„) + C 1 - 3^)c(dx n )/?ic(0 



+ (1 - 3£)c(£')ftc(<fcn) - 4£„c(£')/M£') 



and 



A = j A tst c(ej)c(e s )c(e t ) + ^ ^[-A^ t c(e t ) + A^c(e s ) - A iss c(ej) + 2A iu c(t 

i=£s=£t i,s,t 

Then similarly to computations of the (3.50), we have 

f r+°° g 
-i / trace[7r+ ^((Z^)" 1 ) x Bi](x )d^ n cr(f )dar' = --7r/i'(0)ft 3 dx'. 

From (3.53) and (3.57) we obtain 



where 



Then 



trace[7rt cr_i ((£>£) x ) x B 2 ](x ) 



Co — 2 ^ ' An n . 



-ICQ 



i / trace^ ^(OD^)" 1 ) x B 2 ](x )d^ n a^')dx' 

J\t'\ = lJ-oo 

m 3 J 



CO 



d£„dx' 



= — -TTCnflsdx' . 
4 



Combining (3.59) and (3.62), we have 



case c 



(3.56) 

(3.57) 
(3.58) 

(3.59) 

(3.60) 
(3.61) 



(3.62) 



(3.63) 
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Now $ is the sum of the case (a, b, c), so 

^case a, b , c = — A iin Trn 3 dx' . (3.64) 

i 

Hence we conclude that 

Theorem 3.7. Let M be a 4~ dimensional compact manifold with the boundary dM and V be an orthogonal 
connection with torsion. Then we get the volumes associated to D* D, 

Vol i' 1) = -l^[ R(x)dx~ [ yA Un 7rn 3 dx\ (3.65) 
48tH J m J Qm ^ 

where R = R + 18div(V) - 54\V\ 2 - 9 || T || 2 and J M div{V)dVol M = - J Qm g(n,V)dVol dM . 

4. The gravitational action for 4-dimensional manifolds with boundary 

Firstly, we recall the Einstein- Hilbert action with torsion for manifolds with boundary (see [Io| or 

Igt = T5- / Rdvol M + 2 / Kdvolg M := I G r.i + Ia r ,b, (4.1) 



16tt 



M 



where R — R + 18div(V) — 54 1 V" | 2 — 9 || T || 2 be the scalar curvature of this orthogonal connection without 
the Cartan type torsion S. And 

K = K + £ A lm ; K = J2 K ^ai > ( 4 - 2 ) 

i l<i,j<rz — 1 

where Kij is the second fundamental form, or extrinsic curvature. Take the metric in Section 2, and by 
Lemma A. 2 in (loj . for n = 4, we assume the manifold approach the boundary 8m is fiat, then 

K(x ) = J2 A »n, K(x ) = 0. (4.3) 

i 

Let 

WreslTT+p^)- 1 o Tr+Dy 1 ] = Wres J [ 7 r + (DJ)" 1 o vr+L^ 1 ] + Wres b [TT + (D^y 1 ° ^-D^L ( 4 -4) 



where 



and 



Wies l [TT+ {D^y 1 o tt+ D^} = [ [ trace s(TM) [cr_ 4 ((£'T) _1 o£' T 1 )]cr(0^ (4.5) 

Jm J\$\=i 



Wres 6 [ 7 r + (( J DJ)- 1 o tt+Z^ 1 ] 

/ / / E E iJ, fr, iv xtrace g(TM) [^^g| n a+(((^)- 1 )(^,0 ) ^,en) 

«/ 9M •» If '1=1 «/ — cx) „.TZ n a!(J + K + ±J! 



i,fc=0 

xd^di^d^iD-^ix'^O^'^nMnaiOdx' (4.6) 

denote the interior term and boundary term of Wrcs[7r + (Z)y) _1 o ir + D^ 1 ]. 
Combining (3.65), (4.1) and (4.4), we obtain 

Theorem 4.1. Let M be a 4-dimensional compact manifold with the boundary dM and V be an orthogonal 
connection with torsion. Then we get the volumes associated to D*D, 

/era = -37rWres i [7r + (L>J)- 1 o n+D^, 1 ]; 

lGr,b = ^-Wres b [ 7 r+(^)- 1 o n+Dr 1 ]. (4.7) 
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5. A Kastler-Kalau-Walze type theorem for 6-dimensional spin manifolds with boundary as- 
)* ) 2 and D 2 



sociated to (D^) 2 and D\ 



(2 2) 

In this section, We compute the lower dimensional volume Volg ' for 6-dimcnsional spin manifolds with 
boundary of metric g M — -, g dM + dx\ and get a Kastler-Kalau-Walze type theorem in this case. 
Firstly, we compute J gM <J> in this case. By Lemma 1 in [11] , we have 

Lemma 5.1. 

a_ 2 ((^)- 2 ) = ier 2 ; (5.i) 
o-2{d t 2 ) = ier 2 ; _ _ (5.2) 

a-z{{D* T y 2 ) = -V^im-%(f k 26 k ) V^l\^ 6 2eU^9 aP 2^l\i\-\u - v)c(Ol (5.3) 
a^{D T 2 ) = -V^T\H\-%(f k - 2S k ) - V^T^-^^d^ - 2^T|Cr 4 (^ + »)c(0- (5-4) 

Now we can compute $ (see formula (2.13) for the definition of $), since the sum is taken over — r — I + 
k + j + \ct\ = 5, r, I < —2, then we have the following five cases: 
case a) I) r = -2, I = -2, k = j = 0, \a\ = 1 
From (2.13) we have 

p r+oo 

case a) I) = - / / V trace ct_ 2 ((L»^)" 2 ) x ^^^(D^ 2 )]^)^^')^'- (5-5) 

J\£'\ = l J-oo i„,i_ n 



H = l 



By Lemma 3.5, for i < n, then 



d Xi <r- 2 {D T )(x ) = 9^. ( — I (ar ) = ^ = 0. 



Then case a) I) vanishes. 

case a) II) r = — 1, Z = — 1, fc = |a| = 0, j = 1 
From (2.13) we have 



1 f r +oc 

case a) II) = -- / / trace [a^Trt o-_ 2 ((Z4)- 2 ) x d t cr-2(D^, 2 )}(x )d^ n a(C)dx' 
2J\e>\=iJ-oo 



M«'l= 

By Lemma 3.5 and Lemma 5.1, we have 



and 



^ nO -_ a (TO- a )(» ) = 77^3 ■ ( 5 - 8 ) 



,r+ [9,„a_ 2 ((^)- 2 )] (* )| |c , |=1 = W "7_y . (5.9) 



Then 

( *£+2)ft' (0) 
4(£» - 

Combining (5.7) and (5.9), we obtain 

^ (i£ + 2)fc'(0) „ -2 + 6£ 2 



oo 



d£ n dx' 



-df 

4(Cn-*) 2 " (1+C 2 ) 3 U 

_1 r (3^-l)(-2/i / (0)-^ n V(0)) 
2i r+ (6 l -i) 5 (6 l +«) 3 
1 . r (3e 2 -l)(-2^(0)-»e ra fe , (0)) 1 (4) | 

(6~H? J ^= idX 

5ft'(0) 
32 ' 
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(5.6) 



dla-2(D T 2 )(x Q ) = dl(^)(x ) = -^|, (5.7) 



(5.10) 



Since n — 6, tr S ( TM )[id] = dim(A*(3)) = 8. Combining (5.6) and (5.10), we have 



case a) II) = -~^-^-n 4 dx'. (5.11) 



where H4 is the canonical volume of S 4 . 

case a) III) r = -2, Z = -2, j = |a| = 0, k = 1 



From (2.13) and an integration by parts, we get 

1 /" f +oa 

case a) III) = -- / / trace[<%„7r+ ct_ 2 ((L>J)" 2 ) x S^S^a^tfT 2 )!!^)^^^)^' 

2 7|f<|=i J-00 

trace[9| n 7r+<T_ 2 ((-DT) _2 ) X 4„a_ 2 (i} r 2 )](io)de^(0^'- (5-12) 



1 

2 ,/|f'|=l J-OC' 

By Lemma 3.5 and Lemma 5.1, we have 

C<^((^T)- 2 )(^0)|| eM =l = ^ 5 3. 

Substituting (5.8) and (5.13) into (5.12), one sees that 

1 r f + °° m'(p) 
5/i' (0) 



(5.13) 



case a) III) = -J J^ 



7rft 4 dx'. (5.14) 

o 

case b) r = —2, Z = —3, fc = j = |a| = 

From (2.13) and an integration by parts, we get 

p r+00 

case b) = — % \ j trace[7rt ct_ 2 ((-Dt)~ 2 ) x 9^ ri a- 3 (D^ 2 )](xQ)d^ n a(^)dx' 

J|f'| = lJ-oo 



|f'|=W-oo 

• + OO 



tracc[%,^+ (T_ 2 (W)- 2 ) x a- 3 (D^ 2 )](x )d^ n a^')dx'. (5.15) 
By Lemma 5.1, we have 

%„tt+ ( 7_ 2 ((^)- 2 )(ar )||^| =1 = 2( ^*_. )a - (5-16) 

In the normal coordinate, g 1 ^ (xo) — Sf and 9 Xj (g Q,3 )(xo) = 0, if j < n: = h! (0)5?, if j = n. So by 
Lemma A. 2 in we have r n (xo) = f Zi'(0) and T k {x()) = for k < n. By the definition of 5 k and Lemma 
2.3 in 0, we have <5"(a; ) = and S k = \ti (0)c(e k )c(^) for k < n. So 

CT _3(£>- 2 )(a;o)||e| =1 

= -v=iier 4 &(f fc - 2^)^0)11^1=! - v^T^r^^'^^^-^^o)^^! - 2v^iier 4 (" + ^mo 



, L + )2 ( - ^'(°) £ + e«^'(o)) - '£1^1 2V^Tier 4 (« + «mo. (5.17) 
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We note that L,i =1 & • • • 6<?+io-(C) = and tr[u x c(dx„)] = 4£\ ■ Then 

,£'1=1 J-oo 

" 2 ^ n -i)2 x (-2V^Tier 4 (« + «)c(e))](x R^(e')^' 



15/i'(0) 



|£'|=1 J- 



tr 



15ft'(0) 



15/t'(0) 
8 



TtQ/idx' + i 



|£'|=l J- 



+ 00 



tr 



Trfl^dx' + 4z ^""^ An n J J 



(u + v)c(0\ (x )d£ n a(Z')dx' 
d£ n a(£')dx' 



15/i'(0) V . \ _ , , 
- ^ A iin j7rn 4 rfa; 

case c) r = —3, Z = —2, k = j = \a\ = 
From (2.13) we have 



(5.18) 



case c ) = — i 



£'1=1 •'-oo 



+ 00 



trace[7r+ o_ 3 ((I4)- 2 ) x d 6n a- 2 (D^ 2 )}(x )d^ n (7^')dx' . (5.19) 



By (24) in [ll| , we have 

case c) = case b) — i 



'|£'|=1 J-oo 

Then an application of Lemma 5.1 shows 



tr[5 ? „a_ 2 ( J D- 2 ) x <r_ 3 ((D* )- 2 )]cJ£ n <7(£')<*c' 



d in a- 2 (D T 2 )(x ) 



-2& 



(l + £) 2 ' 

Combining (5.3) and (5.21), we obtain 

r r+oo 

-i \ \ tr[5 ? „a_ 2 (C T 2 ) x a^{{D* T )- 2 )\di n G^)dx' 

J|£'| = l J-oo 



(5.20) 



(5.21) 



l£'l 
15fe'(0) 
4 

15fo'(0) 
4 

15h'(0) 



£'| = 1 J-oo 



+ oo 



tr 



irQidx' — i 
7rf24<i:r/ — i 

7rfi 4 da;' - >J 4n / / 

J|£'| = lJ-oo 



-2& 



£'|=1 J-oo 



(1+C 2 ) 2 

4»e 



x ( - 2v / ^T|er 4 (" - «)c(0)] (s )de«^(O^' 



(1+a 4 



tr 



(u - «)c(0j (x )dC n cx^')dx' 
16^ 



/15/i'(0) . \ _ , , 

= I — | £ ^iin J 7r"4«a; . 

From (5.18) and (5.22), we have 



/15h'(0) 3^ , \ ^ , , 
^ — g ^ 2^ J^hdx . 



(5.22) 



(5.23) 



Since $ is the sum of the cases a), 6) and c), so $ = — 2^ Au n irri4dx' . Hence we conclude that 
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Theorem 5.2. Let M be a 6 -dimensional compact spin manifold with the boundary dM and V be an 
orthogonal connection with torsion. Then we get the volumes associated to D^Dt with torsion on M 

Wr^s b {ir + {D^)- 2 on+(D T )- 2 ) = -2 f ^ A iin TrSl 4 dx' ; (5.24) 

when V — 0, 

Wres(n+(D* T )- 2 o n+(D T y 2 ) = J {R - 9 || T H 2 )^*. (5.25) 

6. The Kastler-Kalau-Walze theorem for 4-dimensional spin manifolds with boundary about 
Dirac operator P + D^D T 

Next we consider the volume form tu 9 acting on the spinor bundle EM. Setting P = P+ = ±(id s + w 9 ) 
we have a parallel field of orthogonal projections. If we now calculate the Seeley-deWitt coefficients of 
H + = P + D*D, we obtain relations to Loop Quantum Gravity. The Hoist term for the modified connection 
V is the 4-form 

C H = lS(dT - (T, *V)lo 9 ), (6.1) 
where lj 9 — e\ A e\ A A e%, see Remark 3.2 and Proposition 3.3 in [TBI ]. 

Theorem 6.1. fla l Let M be a ^-dimensional compact manifold without boundary and let R be the scalar 
curvature of the modified connection V. Then we get the volumes associated to P + D^Dt , 



Wres{P + {D* T D T )- 1 ) = - J-j f {Ru 9 + C H ), (6.2) 

96tH J m 



im 

12 OUT' II 2 



where R = R + 18div(V) — 54\V\ 2 — 9 || T || 2 be the scalar curvature of the modified connection V. 

Theorem 6.2. fla l Let M be a 6- dimensional compact manifold without boundary and let R be the scalar 
curvature of the modified connection V. Then we get the volumes associated to P + D^Dt , 

Wre, { PMD' T DrV) = JL X( M) - ± Pl (M) - ^ Jj C' f dl; 

L ( 11 ST 1,2 + 11 i{V) 1,2 >* + TT^ /„ m - («> 

where C 9 denote the Weyl curvature of the Levi-Civita connection, and p±(M) denote the first Pontryagin 
class of M and X(M) denote the Euler characteristics of M . 

Now we can compute $ (see formula (2.13) for definition of $), since the sum is taken over — r — I + k + 
j + \a\ = 3, r, £ < — 1, then we have the following five cases: 
Case a) I): r = -1, £ = -1, h = j = 0, |a| = 1 
By (2.13), we get 

p p + ca 

Case a) I) = -/ / trace[af,7r+ P + a-i((D^)- 1 )d^d u a^ 1 (D^ 1 )}{x )d^ n a(^)dx' 

J If 7 ! — 1 J — OO | I -i 

IS 1 \ a \ — 1 

= ~2 / / 51 trace[^ 7 r+ ( T_ 1 (( J D?,)- 1 )^% i( T_ 1 p T 1 )]( a ; )de„a(e')dx' 
-o / / V trace[^7r+ W V_ 1 ((^)- 1 )a«,9 4 „a_ 1 p T 1 )](x )de„ ( T(e')d a ;' 

* J\t'\=lJ-<X> II, 



(6.4) 
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By Lemma 3.5, for j < n 

a^WlM = (^ffi) M . _ . o, (e.5, 

so Case a) I) vanishes. 

Case a ) II): r = -1, ^ = -1, k = \a\ = 0, j = 1 
From (2.13), we have 

i r /-+ 00 

Case a) II) = -- / / trace[9 Xn 7rt P+cr_i((Z4) -1 )df cr_i(Dy 1 )](x )d^ n a(f / )dx' 

2J\£>\=lJ-oo 

= -- j f + trace[^„^+a_ 1 ((^)- 1 )a| n a_ 1 (^ T ; 1 )]( 2 :o)d6^(^)dx' 
-- f f + trace[^,^+ W V_ 1 ((^)- 1 )a| 7i a_ 1 ( J D T 1 )](x )de„a(C')dx' 

(6.6) 

Similarly to Case a(II) in [Io| . we have 

1 /• /-+OC o 

--/ / trace[^,^+a_ 1 ((^)- 1 )a? a_ 1 (Z? T 1 )](x )de„a(eOdx'--— 7r/i'(0)^ 3 dx'. (6.7) 

On the other hand, similarly to (2.2.18) in [l(J, we have 
^„7r+^ (T _ 1 (( J DJ)- 1 )( a ;o)||C'| = i 

= c(e 1 )c(e 2 )c(e 3 )c(dx„) [ ^ _ . } + ^- _ %? ^ _ j)2 j (6.8) 

and 

6£„c(dz n ) + 2c(£') 8£c(£) 



df n a^(D^) = V— If — 



ICI 4 |£| 



f) 



= 6i£-2» 2jO-6^ 

~ (i+a) 3 1 J (i+^) 3 1 nj - 1 j 

By the relation of the Clifford action and trAB = trBA, considering for i < n , J|^/| =1 {CuCi2 ' ' ' ^2d+i } <T (^') = 
0, then 

tr[c(e 1 )c(e 2 )c(e 3 )c(^)] = 0, tr[c(e 1 )c(e 2 )c(e 3 )c(da ;n )a Xn [c(^)]c(^)] = 0. (6.10) 
Hence in this case, 

trace[^7r+ wV_i((D* )- 1 )^,% i cr_i( J D 7 ; 1 )](x ) = 0. (6.11) 

Therefore 

Case a) II) = -— nh'(0)n 3 dx', (6.12) 
16 

where i7 3 is the canonical volume of S 3 . 

Case a) III): r = -1, £ = -1, j = |a| = 0, fc = 1 
From (2.13), we have 

i r r+°° 

Case a) III) = -- / / trace[<9 c „7r+ P + a^ 1 ((D^y 1 )d^d Xn a^ 1 (D T 1 )}(x )d^ n a(C')dx' 
= -\ [ j + trace[5 ? „7r+ ( T_ 1 ((^)- 1 )^„5 x „ ( 7_ 1 ( J D 7 ; 1 )](a: )d6 l c7(e')dx' 
-- j j + trace[5 ? „7r+^ ( T_ 1 (( J D^)- 1 )5 4 „^„a_ 1 ( J D T 1 )](x )dC„a(C')dx'. 

4 J|£'| = lJ -co 

(6.13) 
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Similarly to Case a(III) in \v$, we have 

i r r+°° 3 
--/ / trace[^ n 7r+(7_i((D*)- 1 )a e „a x „a_ 1 ( J D- 1 )](a ; o)d^ ( 7(C , )dx / = — wh' (0)n 3 dx' . (6.14) 
4 7if'i=i 7— oo lb 



Similarly to (2.2.27) in [HJ, we have 



^„7rt w%_i((D*) ^(xo)!^'^! = -c(ei)c(e 2 )c(e 3 )c(da; n ) 



c(£') + ic(dx n ) 



and 



Similarly to (6.11), we have 



2(£„ - l) 2 

c(dx n ) c(£') + £„c(d:r n )i 2V=l£ n a .„c(£ / )(a>o) 



4£„- 



l£l £ 



Then 



trace 7r^ w 9 cr_ i 



Case a) III) = — irh' (0)Q 3 dx' , 
16 



(6.15) 

(6.16) 

(6.17) 
(6.18) 



where Sl 3 is the canonical volume of S 3 . 

Thus the sum of Case a) II) and Case a) III) is zero. 
Case b): r = -2, I = -1, k = j= \a\ = 
By (2.13), we get 



Case b) 



r 1-tOC 

/ / tracc[^+P+ ( 7_ 2 (( J D^)- 1 )a c „a_ 1 (^ 1 )](x )d^ ( 7(e')dx' 

J\£'\=lJ-oo 

trace[7r+a_ 2 ((^)- 1 )% l a_i( J D T 1 )](o;o)d6^(e')dx' 
trace[7r+ w s o-_ 2 ((£»T) _1 )%cr-i( £) T 1 )]( 2: o)de, l cr(C')dx'. (6.19) 



£'| = 1 J -OO 



|£'|=W-oo 



Similarly to (3.51), we have 



trace[^+ a_ 2 ((^)- 1 )% i( i_ 1 (^ T 1 )](xo)d^a(e , )da ; ' = ^U'(O) - j^A^ TriW 



|£'|=i 

By Lemma 3.4 and Lemma 3.5, we have 

c(C)a (D* T )(x )c(O , c(0 
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(6.20) 



a- 2 ((^)-^)( a; o) 



c(Oa (I)|)(xo)c(0 + + ^ c(dXn) [ 9xn(c(e0)(:co ) _ c(0fc'(0)|ri^] • (6.21) 



Hence 



TT+ ^a^ttD*)- 1 )^) :=A 1+ A 2 



(6.22) 
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where 

At = r 



(ei)c(e 2 )c(e 3 )c(dx„)| 



h'(0) 



4z(£„-z) + 8(£„-z) 2 + 8(C„-i) 3 ^ j C ™. 



(2 + i£„)c(£> c(O + i£„c(cfe„)aoc(efe„) + (2 + iC n )c(^)c(da; n )a iB c(^) 



4(C„ - *) 2 

+ zc(rfa;„)aoc(^') + ic(£')a c(dx n ) - id Xn c(£') j; (6.23) 
i 2 = c(ei)c(g 2 )c(e3)c(dx»)| 4 — — ^ (2 + i£ n )c(£')A)c(£') + i£nc(dx n )(3 Q c(dx n ) + ic(dx n )f3 c(£') 



+ic(Ol3oc(dx n )\ } 



and 



a 



-^'(0)c(dx„), 



(6.24) 



(6.25) 



% = ^ ^ A lst c(e t )c(e s )c(e t ) - A ilt c(e t ) + A lsl c(e s ) - A lss c(ei) +2A ili c(e l ) . (6.26) 



i^Ls^t i,s,t 

On the other hand, a simple computation shows 

^ CT - l( ^ ) = 7rw + d+a 2 • 

From (6.23) and (6.27), we obtain 

- - / / trace[Ai x ^^(Z^ 1 )]^)^^')^' = 0. 

* J\£'\=l J -co 

Combining (6.24) and (6.27), we have 

trace[A 2 x d^ n a^i(D^ 1 )](x ) 

where 

From (6.19) and (6.29), we get 



-ic 



2(£„-*) 2 (£«+0 2: 
c = 2(A i23 - A213 + A 312 ). 



-H 



trace[i 2 x d in a- 1 (D T 1 )}(x Q )d^ n a(^')dx' 
ic 



|£'|=W-oo 



d£, n dx' 



i 2iti 
1 



C ^3 
7TCofi 3 dx'. 



— 2 



2(Cn+0 2 



(1) 



Combining (6.20) and (6.31) , we have 



Case b) = \^h'{0) - j(A 123 - A 213 + A 312 ) - \j^ Ai 



.16 v ' 4 
Case c: r = —1, £ = —2, k = j = \a\ = 



nn 3 dx' . 



(6.27) 

(6.28) 

(6.29) 
(6.30) 



(6.31) 



(6.32) 
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From (2.13), we have 

r r + oo 

Casec) = -i / tracc[7r+ P + cr^ 1 ((D^ r )- 1 )d^a^ 2 (D T 1 )}(x )d^ n c7((')dx' 

= - l - f [ + trace[ 7 r+ ( 7_ 1 ((^)- 1 )^„a_ 2 (i? T 1 )](xo)d^ ( 7(^)da ; ' 

* J\£>\=lJ-oo 

- l - [ f trace[7r+^ (T _ 1 ((^)- 1 )a Cri(T _ 2 (Z? T 1 )]( a; o)d^ ( T(e')dx'. (6.33) 

*J\£'\=lJ-oo 



Similarly to (3.63), we have 



'iei=i 

By Lemma 3.5, we have 



trace[^+ ( T_l((D^)- 1 )9 ^ „ ( T_ 2 (^ T 1 )](xo)de„ ( T(e')da; , 



7T+ w 9 <t-i((Dt) 1 ) = (c(ei)c(e2)c(e 3 )c(dx n 



c(C') + ic(dx n ) 



(6.34) 
(6.35) 



2(£„ - ») 

By Lemma 3.4 and Lemma 3.5, we have 

c(0<^)(*o)c(0 + |) E c(cfaj) ^ (c(0)|f|a _ mQxj m ^ {xo) 



(7_ 2 ((DT)- 1 )(a:o) = 



C (fl CTo (gr)(soMfl + + ^ c(dXn) [^„ (cO( , ) _ c(0 ^ b (0)|^ aM ] .(6.36) 



Then 



where 



Si 



(1+a 3 

+ (1 - H*)c(Z')a c(dx n ) - 4£„c(£')a c(O + {3£ - l)0* B c(O - 4S n c{?)c(dx n )d Xn c(Z') 



^„ C 7_ 2 ( J D- 1 )(a;o) :=B 1 + B 2 , 



(2£„ - 2^)c(dx„)a c(dx„) + (1 - Zil)c{dx n )a^) 



(6.37) 



S 2 



-2fc'(0)c(O + 2h'm n c{dx n )] +QZ n h\Q) c{ ^^\ 

(2£„ - 2^)c(da: n ) / 8ic(da; n ) + (1 - 3£)c((fe n )0ic(O 



+ (1 - Ztl)c{C)Pic{dx n ) - 4£ rt c(£')/M£') 



(6.38) 



(6.39) 



and 



- A ist c(^)c(^)c(?t) + T^[-^Mtc(e t )+^i si c(^)-A i5S c(e;) + 2^ ii c(^)]. (6.40) 



Similar to (6.28), we have 



- l - I I trace[7r+ ^^((DJ)- 1 ) x ^(.ToK^Odx' = 0. (6.41) 

^J|5'| = lJ-oo 

From (6.35) and (6.39), we obtain 



trace[7r+ t j_iu; 9 ((LiJ)- 1 ) x S 2 ](a;o) 



zc 



(Cn+i) 3 (^-i)' 



(6.42) 
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where 

By (6.33) and (6.42), we get 



5 = 2(Ai2 3 - A213 + A 312 ). 



i- r-t-00 

/ / trace[7r+ fr_ 1 w s ((DJ)- 1 ) x B 2 ](x )d^ n a(^)dx' 



'\t 

-n 3 

2 6 



ico_ 

i i(o)i 



;dx' 



= --TTCoQ 3 dx', 

o 

From (6.34) and (6.44) we obtain 
Case c) = 



16 

Now $ is the sum of the Case a) b) and 5) , so 

1 



9 h'(0) - j(A 123 - A 213 + A 312 ) Aun ] ^3dx'. 



(A 123 - A213 + A 312 ) + A im irVl 3 dx'. 



Hence we conclude that 



(6.43) 



(6.44) 



(6.45) 



(6.46) 



Theorem 6.3. Let M be a 4~ dimensional compact manifold with the boundary dM and let R be the scalar 
curvature of the modified connection V. Then we get the volumes associated to P + D*D, 



Vol 



(i.i) 



J-2 / ^ 9 +&h)-1 [ \(Ai 23 - A 213 + A 312 ) + V A iin ] irn 3 da;'. 
yt)7r Jm 1 Jd M 1 i J 



(6.47) 



where R = R + 18div(V) — 54\V\ 2 — 9 || T || 2 be the scalar curvature of the modified connection V and 
C H = 18(dT- (T,*V)u 3 ). 



7. The Kastler-Kalau-Walze type theorem for 4-dimensional complex manifolds associated 
with complex nonminimal operators 

In this section, we compute the lower dimension volume for lower dimension compact connected manifolds 
with boundary and get a Kastler-Kalau-Walze type Formula in this case. 

Let M be a compact Riemannian manifold of dimension m without boundary. If M is equipped with 
intcgrablc complex structure, one can split tangential indices into holomorphic and antiholomorphic ones 
and define space of differential forms C°°(A P ' 9 ). The exterior differential d can be also split into a sum 
d = d + 8 of anticommuting nilpotent operators: d 2 — 8 2 = d8 + 8d = 0. If M is a Kahler manifold, the 
corresponding "Laplacians" can be reduced to the De-Rham Hodge Laplacian: 

d*d + dd* = dd* + d*d= = ^(dS + Sd). (7.1) 

Using these first order differential operators one can construct a nonminimal second order differential oper- 
ator: 

D = gi dd* + g 2 d*d + g 3 ~d£F + gJFd + g 5 d8* + g* 5 8d* (7.2) 
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with real constants g\, ■ ■ ■ , (74 and a complex constant g§. For some values of the constants this operator 
reduces to that considered previously in this paper. One can find some motivations for studying nonminimal 
operators. Such operators appear naturally in quantum gauge theories after imposing gauge conditions. 

For complex manifold of dimension 4 with boundary. By Proposition 2.1 in [g^], let Dt = \/2(d + d*) 
we have the identity of three forms T = \/ — 1(<9 — 8)ui, where w be the Kahler forms. In this case, we have 
A lin = 0. Then 

Corollary 7.1. Let M be a ^-dimensional compact complex manifold with the boundary DM and V be an 
orthogonal connection with torsion. Then we get the volumes associated to D^,, 



Vol 



(l.l) 



1 



48tt 2 



R(x)dx, 



(7.3) 



where R = R+ 18div(V) - 54\V\ 2 - 9 || T || 2 and J M div(V)dVol M = - f d g(n, V)dVol d 



Next for the operator {d-\-d*) 2 , we consider the heat kernel for nonminimal operators acting on the space 
C°°(A fc ) of k forms. Let us discuss the first order operators D% = d and D2 = d which satisfy the properties 
of Lemma 1. And these operators will be used to build up the following general nonminimal second order 
operator 

55 = a 2 W* + b 2 WB. (7.4) 

The nonminimal operator with real constants a 2 , b 2 is the most general hermitian operator on C°°(A k ) which 
can be constructed using d,B,d* and d*. This operator has the form (7.2). Denote by cr;(S) the /-order 
symbol of an operator 5). We compute the symbol expansion of 55 = a 2 dd* + b 2 d*d. Recall [20j , we have 

Lemma 7.2. The following equalities hold 



a L (d*)(x,Z) = - 
a L (A) = i|C| 2 Id, 



l<j<n 
l<j<n 



j+n\ 



(7.5) 
(7.6) 
(7.7) 



where A = dd* + d*d. 

For £ = Ei<i< 2 « & ei > let f = Ei<j< n te + \ / -T^+n)(e j - ^f^le j+n ). For a (0, l)-form u u we have 



-le 



j+n- 



UJi. 



-1 



e(0; o L {d )(0 = - 



-1 



By Lemma 7.2 and (7.8), we have 

= , - .... , 

Then we obtain the following Lemma. 

Lemma 7.3. Let 55 = a 2 W* + b 2 d*d on C°°(A k ), then 

2b 2 \e + (a 2 - b 2 )c(i)e(i) 



40- 



(7.. 



(7.9) 



^- 2 (5)- i ) 



a 2 6 2 |£| 4 



(7.10) 
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Proof. From Lemma 7.2, we have a2(dd*) — |e(£M£), a2(dd* + d*d) = \\£\ 2 ■ Combining these results, we 
obtain 



cr 2 (a 2 dd* + b 2 8*d) = (a 2 - b 2 )a 2 (dd*) + b 2 a 2 (8d* + d*d) = ^— — e(€)i(€) + j\£\ 2 . 



An application of 2|£| 2 = e(£)i(£) + shows 



(a 2 - b 2 ) 



Then 



4 etfMO + jKI 2 



(a 2 - 6 2 ) 



4 2"l^| 2 



26 2 |e| 2 + (a 2 -& 2 MQe(0 
a 2 & 2 |C| 4 



2 h 2 



(7.11) 

(7.12) 

(7.13) 
□ 



Without loss of generality, we may assume the differential operator 55 = a 2 dd*+b 2 d*d acting on C°°(A fe ). 
An application of Theorem 1 in [23| yields the following: 

Theorem 7.4. f23] For m- dimensional (m > 2) compact Kahler manifolds without boundary and the 
associated nonminimal operator 55 = a 2 dd* + b 2 d*d on C°°(A k ), then 



a 2 m 



C°°(A fc 



)] = 



,2.2- 



fc— 2 



2x 2-© 



^(-l) fe -P(fc-p-l)a 2 (A p ) 

fc-1 



+ 



2 

6 2 \2 



fe 2 \2-T 



^(-l) fe ^(fc-p)a 2 (A p ) 



p=0 



]T(-l) fe -»(fc-p+l)a 2 (A p ). 

p=0 



(7.14) 



From the Theorem 4.8.18 in |24| we obtain 



Theorem 7.5. ]2A] Let the A™ = dS + Sd denote the Laplacian acting on the space of smooth p-forms on an 
m- dimensional manifold. We let Rijki denote the curvature tensor with the sign convention that R\ 2 i 2 = — 1 



on the sphere of radius 1 in R 3 . Then: 

oo(A™) = (47r)-9C£i 

Then for m > 4 the coefficients are 

(47T) ■ 



m-2 ' w m-2 



4CT-a ("A 



« 2 (A^) 

a 2 (A") 
a 2 (A™) 
a 2 (A^) 



6 

(4tt)- 



6 

(47T)- 



12 

(4tt)- 



3(> 



(47T) 



144 



-(6 - mji-Rijij); 

-(-m 2 + 13m - 24) iZij-y; 

-(108 - 92m + 21m 2 - m 3 )i? yij -; 

-(-576 + 630m - 227m 2 + 30m 3 - m 4 )i? 4 



(7.15) 
(7.16) 

(7.17) 
(7.18) 
(7.19) 
(7.20) 
(7.21) 



Let k — 4 (the calculation of other case similar), combining these results, we obtain the main theorem of 
this section. 
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Theorem 7.6. For 4-dimension compact K'dhler manifolds without boundary and the associated nonminimal 
operator D = a 2 W* + b 2 d*d on C°°(A 4 ) ; then 



Wrest®- 1 ) 



(m-2)(27r) 4 rr/a 



{[(^n-(?f 



+ 



r(2*=*) 



(47T) 



36 



-(222 - 167m + 24m 2 - m 3 )R ijl:j 



(?) 



144 



(-576 + 630m - 227m 2 + 30m 3 - m A )R %:jlJ j 



m=4 



3 ^ ' 



(7.22) 



w/iere Rijki denote the curvature tensor with the sign convention that i?m2 = — I on the sphere of radius 1 
inR 3 . 
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